


Chapt er 1

I nt roduct ion

Georges-Louis Leclerc, Comte de Bu� on is often credited with having used the � rst

known Monte Carlo1 algorithm in his famous \ needle experiment" , in 1777, to est i-

mate the value of � . He was one of several mathemat icians in the seventeenth and

early eighteenth centuries who were mot ivated by games of chance to form sequences

of random events based on observat ions of successive tr ials. However, it was not

unt il the nineteenth and early twent ieth centuries when mathemat icians made the

observat ion that t he mean of a funct ion of cont inous random variables took the form

of an integral. It was followed by the realizat ion that , in principle, one could ran-

domly draw numbers and proscribe tr ansformat ions such that t he random numbers

could be used to approximately solve integrat ion problems that contained no inherent

probabili st ic str ucture.

By the late nineteenth century, Lord Rayleigh [87] showed that a one dimensional

random walk could be used to approximately solve a parabolic di� erent ial equat ion.

Following this result , Courant et al. [4] demonstr ated that a part icular �n ite di� er-

1The term \ Monte Carlo" was coined almost 200 years later. Today, Monte Carlo methods
encompass all techniques that use stat ist ical sampling to approximate solut ions to quant itat ive
problems.
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ence equat ion could beused to approximatea solut ion to theDirichlet boundary-value

problem of part ial di� erent ial equat ions. Subsequent ly, they showed that a recursive

form of thesolut ion to atwo dimensional random walk on a squaregrid within a closed

regions, under cert ain condit ions, produced an ident ical di� erence equat ion. Around

the same t ime, Kolmogorov derived the relat ionship between Markov stochast ic pro-

cess and cert ain integro-di� erent ial equat ions. Petr owsky generalized the result of

Courant et al. by showing the asymptot ic connect ion between a random walk whose

sequence of locat ions formed a Markov chain and the solut ion to an elli pt ic part ial

di� erent ial equat ion; Petr owsky called this the generalized Dirichlet problem.

In the early thirt ies, Enrico Fermi used the Monte Carlo method to run simulat ions

of part icle tr ansport t hrough isotr opic media (neutr on di� usion) t hat were centr al to

the research towards building the atomic bomb. Fermi later developed the Fermiac

which was a Monte Carlo mechanical device used to calculate crit icali ty in nuclear

reactors. The associated mult idimensional problems proved too formidable for t he

popular di� erence equat ion approach and inspired John von Neumann and Stanislaw

Ulam to suggest t hat sampling experiments using random walk models on the newly

developed digital computer could provide useful approximat ions.

Ulam is credited with invent ing the name \ Monte Carlo"2 and, with the help of

von Neumann and Nicholas Metr opolis, the name soon caught on to refer t o methods

that employed stat ist ical sampling to approximatesolut ions to quant itat ive problems.

2Ulam described the incident as follows: \ The � rst t houghts and att empts I made to pract ice
[the Monte Carlo Method] were suggested by a quest ion which occurred to me in 1946 as I was
convalescing from an ill ness and playing soli taires. The quest ion was what are the chances that a
Can� eld soli taire laid out with 52 cards will come out successfully? After spending a lot of t ime
trying to est imate them by pure combinatorial calculat ions, I wondered whether a more pract ical
method than abstract t hinking might not be to lay it out say one hundred t imes and simply observe
and count t he number of successful plays. This was already possible to envisage with the beginning
of the new era of fast computers, and I immediately thought of problems of neutron di� usion and
other quest ions of mathemat ical physics, and more generally how to change processes described
by certain di� erent ial equat ions into an equivalent form interpretable as a succession of random
operat ions. Later [in 1946, I] described the idea to John von Neumann, and we began to plan
actual calculat ions."
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Figure 1.1: Left : A portrait of Georges-Louis Leclerc, Comte de Bu� on by the French
painter Fran�c ois-Hubert Drouais. Middle: Stanislaw M. Ulam. Right : John von
Neumann. Although Count Bu� on is commonly credited with the earliest known use
of a Monte Carlo algorithm, Ulam was responsible for naming and formalizing the
method. Much of the theoretical foundation for the method was laid by John von
Neumann.

Ulam and Metr opolis published the � rst paper [69] describing this method, as it is

known today. The use of Monte Carlo methods spread rapidly to several di� erent

scient i� c disciplines.

Developments in the � eld of computat ional complexity, in thesevent ies, began to pro-

vide a more precise and persuasive rat ionale for using the Monte Carlo method. The

theory ident i� ed a classof problems for which exact solut ions often led to algorithms

that executed in t imes that were, at best , exponent ial with respect t o the size of the

input . The ident i� cat ion of a cert ain str ucture in these problems could be exploited

to provide exact solut ions in t imes that were bounded, above, by polynomials in the

sizeof the input . Without t his str ucture, problems that belonged to this class seemed

to pose a formidable hurdle to solve.

There was a rising interest in tr ying to resolve the quest ion of whether Monte Carlo

could beused to est imatesolut ions to problems in this intr actable classto within some
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Figure 1.2: The Monte Carlo casino in Monaco. Ulam named the method after this
casino where his uncle would borrow money to gamble.

stat ist ical accuracy in a t imebounded, above, by a polynomial in thesizeof the input .

Several att empts were made in the eight ies: Karp est imated reliabili ty in a planar

mult iterminal network with randomly faili ng edges [53] ; Dyer et al. est imated the

volume of a convex body in m-dimensional euclidean space [38]; Broder est imated

the permanent of a matr ix or, equivalent ly, the number of perfect matchings in a

bipart ite graph [17].

Integro-di� erent ial equat ions were applied to problems in radiat ive tr ansfer [22] which

inspired research in neutr on tr ansport [100] and hydrologic opt ics [83]. Recognizing

thesimilarit ies of these problems to that of light tr ansport for global ill uminat ion (see

Sect ion 1.2), Kajiya presented a simpli � ed integro-di� erent ial equat ion [52] that he

called the rendering equation. Therendering equat ion su� cient ly represented the 
 ow

of radiant light energy under t hemany assumpt ions that were considered pract ical for

use in computer graphics related problems. Furt her, it provided the means to express
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Figure 1.3: Stanislaw M. Ulam, Richard P. Feynman and John von Neumann. The
Monte Carlo method was inspired by the problems encountered conducted during the
development of the atomic bomb. (Picture scanned at the American Institute of
Physics)

the tr ansformat ions of radiant light energy while account ing for several geometr ic

opt ical e� ects. The realizat ion that t he solut ion of the rendering equat ion (and its

many variants) would yield global ill uminat ion e� ects like mult iple inter-re
 ect ion,

refract ions, scatt ering within media, penumbrae of shadows, etc. sparked o� a 
u rry

of Monte Carlo research within the graphics community.

Despitethemathemat ical sophist icat ion that t heMonteCarlo method isoften imbued

with, it is the simplicity of the method that has brought about much of its popularity.

Ulam, von Neumann and others recognized that t he Monte Carlo method could be

modi� ed in ways that produced solut ions to the original problems with a speci� ed

error bound, at considerably reduced cost . Although some of these variancereduction

techniques were already commonly used by stat ist icians, others owe their origin to

the Monte Carlo method. Collect ively, these procedures now represent t he centr al

focus of the Monte Carlo method by exploit ing available str ucture that t he method

fundamentally ignores.
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During the early years of the \ computer age" , the applicat ion of variance reduct ion

techniques was essent ial in pract icably est imat ing solut ions to large numerical prob-

lems. The design of these techniques was far from tr ivial and thus took a considerable

amount of t ime to develop. Although many of these techniques were general, the ef-

� ciency to be gained by tailoring them to a part icular applicat ion was so large that

analysts typically spent a large amount of t ime performing the customizat ion.

The dramat ic increase in computat ional power over t he last couple of decades tr ig-

gered two remarkable changes: it became feasible to run Monte Carlo simulat ions on

small, commodity microcomputers; supercomput ing power became powerful enough

that problems of much larger scale were solvable. The result of this stupendous in-

crease in computat ional power also spawned the need for assessing whether it was

more bene� cial to just t hrow large amounts of comput ing power at problems rather

than recruit analysts to design specialized variance reduct ion schemes.

Nevert heless, the mot ivat ions for sophist icated variance reduct ion techniques are

many: Problems of substant ial size st ill remain; cert ain applicat ions demand that

problems be solved in lesser t ime than current ly possible; cert ain other problems de-

mand extr emely high stat ist ical accuracy in the est imated solut ions. Thus, thebene� t

of using and designing new variance reduct ion techniques cannot be undermined.

Variancereduct ion str ategies can be classi� ed, based on their philosophy, into at least

two di� erent categories: Some str ategies modify the way in which random samples

are generated and adjust t he parameter est imator of interest in a way that variance

is reduced. e.g. Import ance sampling, str at i� ed sampling, correlated sampling, etc.;

Other str ategies operate by leaving the sampling mechanism una� ected| instead,

they collect ancill ary data that are used to est imate already known parameters. The

variance reduct ion due to the latt er is achieved by incorporat ing these data into the

est imator of the unknown parameter of interest . e.g. Contr ol variates.
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In this dissert at ion, we focus on the � rst of the two classes of variance reduct ion

schemes. We exploit certain structure that is known to exist in some light transport

problems in computer graphics to propose sampling strategies that cause a variance

reduction in estimated solutions for those problems. We also present an adaptat ion of

the stat ist ical framework for t est ing hypotheses, that can be used to assessquali t ies

of est imators, upto speci� ed levels of stat ist ical signi� cance.

1.1 D igit al i mage synt hesis

Digital photography produces images where each pixel represents the incoming radi-

ant light energy over a small area on the sensor within a small set of direct ions in

a contr olled length of t ime. Light energy propagates from light sources in the scene

and potent ially tr avels through a sequence of in�n ite bounces on mult iple objects

before passing through the camera lens and apert ure and �n ally impinging on the

camera sensor. The image obtained is a snapshot of the result of several physical

processes involving the tr ansport of light energy from luminaires through the scene

to the sensor in the camera.

A popular problem in the � eld of computer graphics is to produce images by mim-

icking photography start ing from geometr ic and physical descript ions of the scene of

interest ( seeFigure 1.4). This tr ansformat ion, from geometr ic and physical informa-

t ion into images is called imagesynthesis. One way of solving this problem to obtain

\ realist ic" images, is to make cert ain assumpt ions about t he scene and to simulate

the process, respect ing physical laws to some degree. This is referred to as physically

based image synthesis. The ult imate goal of physically based image synthesis is to

produce images that are indist inguishable from photographs of the real world, by

simulat ing the physical processinvolved.
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Figure 1.4: Physically based mage synthesis is the process of producing images by
simulation of light transport to mimic the photographic process. Suitable models are
chosen for the camera and objects in the scene.

Physically based image synthesis incorporates results from four large � elds of study:

(1) mathemat ical, physical and str uctural representat ion of objects, (2) digital signal

processing, (3) t he interact ion of matt er and light and (4) t he human visual sys-

tem. Extensive research in these � elds has resulted in a large body of li terature and,

consequent ly, sophist icated methods for several interest ing problems in the � eld of

physically based image synthesis.

1.2 L ight t ranspor t

A signi� cant fract ion of the computat ional e� ort in physically based image synthesis

is dedicated towards simulat ion of speci� c opt ical phenomena. The simulat ion of

the propagat ion of light energy is referred to as the light transport problem. Several

light tr ansport algorithms exist for simulat ions with varying degrees of accuracy and

subject t o dramat ically di� erent constr aints. For example, the focus is on absorpt ion
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Figure 1.5: Measured, simulated and error images of a scene. This famous scene,
called the Cornell Box, was setup by researchers in Cornell University's Light Mea-
surement Laboratory. The potential for multiple interre
 ections between di� use sur-
faces and the availability of measured parameters of i llumination of re
 ection made
this scene a popular choice for verifying global i llumination algorithms. (Source: Cor-
nell University Light Measurement Laboratory)

and scatt ering processes in biomedical imaging while, in imagesynthesis, a lot of e� ort

isdirected towards improving re
 ect ion models. Applicat ions in hydrologic opt ics [83],

like biomedical imaging applicat ions, consider scatt ering processes in great detail but

demand higher precision of the est imates.

Global i llumination algorithms are those that solve the light tr ansport problem for

physically based image synthesis. These algorithms approximately simulate the po-

tent ially in�n ite interact ions of light with matt er, before �n ally entering the opt ical

system of the virt ual camera. The degrees of accuracy to which simulat ions are run

in physically based image synthesis| since the goal is to produce images that are

indist inguishable from photographs| is governed by the limits of human percept ion.

Solut ions to several li ght tr ansport problems are inspired by tr ansport solut ions

adopted in heat tr ansfer [31] and neutr on tr ansport [100]. In a seminal work in

image synthesis, Kajiya proposed an integral equat ion [52] which expressed the radi-

ant light energy leaving a point , along a cert ain direct ion, as the sum of the emitt ed

radiant energy in that direct ion and re
 ectance-weighted radiant energy incident at

the point from all possible direct ions. The presentat ion of the light tr ansport prob-
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lem in this form, captured the commonali ty of di� erent global ill uminat ion algorithms

that existed at t he t ime.

The potent ially unpredictable behaviour of the funct ions in the rendering equat ion,

coupled with the high dimensionali ty of the domain and the complex interact ion

of mult iple physical processes make general analyt ical solut ions unfathomable. The

equat ion is usually solved either using Monte Carlo or �n ite element methods.

1.3 T he M ont e Car lo met hod

Ulam and Metr opolis proposed a str ategy [69] that used stat ist ical sampling to nu-

merically solve quant itat ive problems, which they called the Monte Carlo method.

They were inspired by large and complex quant itat ive problems for which analyt ical

methods were hopelessand typical numerical methods collapsed.

Monte Carlo methods typically consist of two dist inct processes: tr ansformat ion of

the problem into an expectat ion and simulat ion. The former reduces the problem

to one of est imat ing E p X q where X is a random variable. Although this is usually

simple, as in the case of Monte Carlo integrat ion, it can be a tr icky problem if the

goal is, say, to solve parabolic or elli pt ical equat ions.

The second step involves the simulat ion of random variables under t he distr ibut ion of

X . Mathemat ically, thismeans that a sequenceof random variables p X i ; 1 ¤ X ¤ N q

is obtained, such that t he X i follow the distr ibut ion of X . This is typically achieved

by computat ionally tr ansforming random variables uniformly distr ibuted in the unit

interval into the appropriate domain. Finally the required expectat ion is approxi-
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mately est imated as

E p X q �

1
N

p X 1 � X 2 � ::: � X N q (1.1)

One of the most popular uses of Monte Carlo methods has been for est imat ing the

valueof integrals. Therest of this sect ion providesa basic intr oduct ion to MonteCarlo

integrat ion with the help of simple examples. Consider t he numerical est imat ion of

the integral

1
»

0

f p x q dx: (1.2)

There exist many numerical methods of the form
° n

0 wi f p x i q where the wi are non-

negat ive weights that sum to unity and x i P r 0; 1s . e.g. Trapezoidal integrat ion

(wi � 1{ n; 0   i   n, w0 � wn � 1{p 2n q and x i � 1{ n), Gaussian integrat ion,

Simpson's rule, etc. The basic Monte Carlo integrat ion algorithm assumes the same

form, with wi � 1{ n; 1 ¤ i ¤ n and x i that are randomly drawn from the domain

r 0; 1s . The convergenceof this MonteCarlo integrat ion scheme isO p 1{

?

n q . Although

the rate of convergence seems poor when compared to other methods for t his one

dimensional integrat ion, the great advantage of this method is that it is insensit ive

to the dimensionali ty of the domain. Typically numerical integrat ion methods will

require nd points when the domain is the d-dimensional unit hypercube r 0; 1s

d for

est imates with constant error.

Consider t he mult idimensional integral

I �

»

D

f p x q dx; (1.3)
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where the domain D � r 0; 1s

d and the variable of integrat ion x � p x1; x2; ::::; xd q P D.

Following the � rst step of the Monte Carlo method, we set X � f p U1; U2; :::; Ud q

where p U1; :::; Ud q are independent r andom variables distr ibuted uniformly in r 0; 1s so

that we can write

E p X q � E p f p U1; U2; :::; Ud qq �

»

D

f p x q dx: (1.4)

Thus, we have completed the � rst stage of the Monte Carlo method, by writ ing the

quant ity that we wish to compute as an expectat ion.

In the simulat ion phase, a sequence p Ui q is generated such that each Ui is uni-

formly distr ibuted in r 0; 1s . Then random variables X i are constr ucted so that

X 1 � f p U1; U2; :::; Ud q , X 2 � f p Ud� 1; Ud� 2; :::; U2d q , etc. The required integral is

est imated as

I �

1
N

p X 1 � X 2 � ::: � X N q (1.5)

Often, the integrand is expressible as the product of two funct ions, f p x q � gp x q h p x q

where h is non-negat ive and integrates to unity. In such cases, the integral can be

writt en in the form E p gp Y qq if Y is a random variable distr ibuted according to h p x q .

Consequent ly, the integral can be approximated as

I �

1
N

p gp Y1 q � gp Y2 q � ::: � gp YN qq (1.6)

where the Yi are distr ibuted according to h p x q . Thus the problem of integrat ion is re-

duced to oneof generat ing samples according to acert ain distr ibut ion. This technique

is referred to as importance sampling in Monte Carlo li terature, and h p x q is called

the importance function. Two of the most attr act ive features of import ancesampling
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are that 1) t he distr ibut ion used to reduce variance need only be an approximat ion,

and 2) no bias is intr oduced so long as we can correct ly compute the density of the

samples generated.

The use of this decept ively simple method for general integrat ion problems often

warrants sophist icated mathemat ical veri� cat ion to ensure that t he correct quant ity

is being est imated, and with an acceptable amount of error in the est imates.

The str ong law of large numbers imposes a theoret ical li mit on the Monte Carlo

method: The method can only be used with integrable random variables. The centr al

limit t heorem can be used to derive a random variable, that is asymptot ically equal

to the error, which suggests that t he distr ibut ion of E p X q �

1
N p X 1 � X 2 � ::: � X N q

resembles a centered guassian.

1.4 T he problem of sampli ng

The sampling process assumes di� erent 
 avours, depending on the applicat ion do-

main. In stat ist ics, a number of interest ing sampling str ategies were born out of

the need for est imat ing characterist ics about populat ions [27] that were too large for

complete surveys to be conducted. In survey sampling, a small but carefully chosen

sample3 is used to represent t he populat ion. The sample is selected so that it r e
 ects

the characterist ics of the populat ion that are of interest . In this context , the bene� t

is that characterist ics about t hegeneral populat ion may be inferred from thesamples,

without having to incur t he cost of a comprehensive survey.

In signal processing, sampling refers to periodic measurements of a signal4. Thus,

3In stat ist ics the term sample is used to mean a set of observat ions. In computer graphics, each
of the observat ions is called a sample.

4A physical quant ity, usually measurable through t ime or space.
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sampling is centr al to all digital signal processing problems that deal with analog sig-

nals. When digital signals are involved, clever sampling str ategies allow for compact

representat ions. If the original signals need to be reconstr ucted from sampled repre-

sentat ions, care is taken that t hesampling str ategies possessdesireable characterist ics

so that t he reconstr uct ion is of high �d eli ty.

Monte Carlo techniques use samples, drawn from met iculously designed parent dis-

tr ibut ions, to solve a host of di� erent computat ional problems. One of the most

popular uses has been to solve integrat ion problems. As seen in Sect ion 1.3, Monte

Carlo integrat ion reduces the integrat ion problem to one of sampling.

Sampling methods are broadly classi� ed as either probabili st ic or non-probabili st ic.

In probabili st ic sampling, each member of the populat ion has a known non-zero prob-

abili ty of being selected. eg. random sampling, systemat ic sampling and str at i� ed

sampling. In non-probabili st ic sampling, members are selected from the populat ion

in some determinist ic manner. eg. convenience sampling, judgment sampling, quota

sampling and snowball sampling. The advantage of probabili st ic sampling is that

sampling error 5 can be calculated.

1.5 Sampli ng problems in image synt hesis

In a Monte Carlo path tracer, an image is formed by comput ing the solut ion to the

light tr ansport problem at each pixel, which is obtained by adding contr ibut ions from

a set of light paths. Each of the paths in a path tr acer is constr ucted using a random

sequence of sampling procedures. The paths begin at t he eye and are shot t hrough

chosen locat ions on the virt ual camera sensor. Subsequent vert ices are chosen by

randomly choosing a direct ion and �nd ing the � rst point along that direct ion where
5Sampling error is the degreeto which a sample might di� er from the populat ion.
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the next interact ion occurs. The random direct ion chosen at each vert ex, is based on

a distr ibut ion that characterises the interact ion of light with matt er at t hat vert ex.

A plethora of sampling str ategies have been proposed in the li terature that account

for several di� erent t ypes of light-matt er interact ions along the path.

Using MonteCarlo integrat ion in thephysically based imagesynthesis processreduces

theproblem of light tr ansport t o aseries of sampling problems: (1) sampling thepixel

area on the sensor or pre� ltering; (2) sampling the camera apert ure for simulat ing

depth of � eld; (3) sampling in t ime to simulate contr olled camera shutt er speed; (4)

sampling the re
 ectance or tr ansmitt ance funct ion to simulate glossy re
 ect ion or

tr ansmission; (5) sampling the solid angle subtended by luminaires for simulat ing

penumbrae; (6) sampling paths for indirect ill uminat ion (due to interre
 ect ion); (7)

sampling in wavelength to account t o simulate spectr al e� ects (seeFigure 1.6).

1.6 I mpor t ance sampli ng in image synt hesis

Variance reduct ion str ategies are crucial elements of Monte Carlo global ill umina-

t ion algorithms. Without t hem, it is generally regarded as impract ical to obtain

adequately converged Monte Carlo solut ions, part icularly for environments that in-

corporate challenging light ing distr ibut ions and/o r surfacescatt ering funct ions. Since

the earliest systemat ic study of MonteCarlo algorithmsin imagesynthesis [52, 29, 94],

both import ance sampling and str at i� cat ion have been recognized as being part icu-

larly relevant variance reduct ion str ategies, although it has often been a challenge to

incorporate them without simultaneously intr oducing stat ist ical bias [57, 58]. Both

import ance sampling and str at i� cat ion are now commonplace in ill uminat ion com-

putat ions, and often appear in several guises within a single algorithm. While im-

provements to both str ategies cont inue to be an act ive area of research, import ance
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V isible spect rum: Monte Carlo
sampling of the visible wavelengths of
light allows simulat ion of opt ical phe-
nomena like dispersion [46, 39, 119,
33].

I mage space: Adapt ive image sub-
sampling algorithms allow fewer rays
to be cast and result in reduced alias-
ing art ifacts [34, 28, 72, 101, 10, 70,
71].

A per t ure: Depth of � eld e� ects are
simulated by integrat ing light paths
sampled over t he apert ure [81, 28].

Exposure t ime: Integrat ing light
paths sampled over t ime produces mo-
t ion blur e� ects [30, 82, 55].

Re
 ect ance funct ions: Glossy re-

 ect ion and tr ansmission are simu-
lated by integrat ing paths distr ibuted
according to the re
 ectance distr ibu-
t ion [11, 116, 62, 12, 64, 24].

L ight sources: Direct ill uminat ion
computat ion involves integrat ion of
paths over t he solid angle subtended
by the light source [94, 2, 6, 8, 48, 26,
24].

I nd irect ill uminat ion: Integrat ing
paths that perform mult iple bounces
before reaching a light source simu-
lates indirect ill uminat ion due to in-
terre
 ect ions [79, 105].

Figure 1.6: Each step of the image synthesis pipeline can be simulated using Monte
Carlo integrations [30, 65]. Therefore the problem can be reduced to a series of sam-
pling problems over di� erent domains. A number of solutions have been proposed for
each of these sampling problems. The integration domains are described on the right
with references to existing solutions for each domain.
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sampling o� ers the largest potent ial payo� , with the total eliminat ion of variancebe-

ing theoret ically achievable [88]. The remainder of this sect ion describes the evolut ion

of import ance sampling in image synthesis chronologically.

1990-1995

Shirley compared the e� ect iveness of import ance sampling in reducing variance, in

his thesis [93], against str at i� ed sampling. He described how the method of invert ing

the cumulat ive distr ibut ion may be used to generate samples according to a given dis-

tr ibut ion. The technique was later extended by Arvo and used for str at i� ed sampling

of 2-manifolds.

Smits et al. de�n ed import ance [98] with respect t o a viewpoint by propagat ing

import ance from the viewpoint . similar t o the tr ansport of light energy from light

sources. While the paper showed a signi� cant gain in computat ional e� ciency by

performing low resolut ion radiosity solut ions for less import ant areas, the not ion of

import ance is very di� erent from the use of import ance funct ions in Monte Carlo

algorithms.

Dutr �e et al. presented an import ancesampling algorithm [37] for e� cient ly est imat ing

solut ions to the rendering equat ion. They intr oduced the concept of adapt ive proba-

bili ty distr ibut ion funct ions (pdfs), where the sampling density underwent sequent ial

modi� cat ions after each sample was drawn. To begin with, samples are drawn from

a constant density. Then, the domain is part it ioned and the sample drawn, at each

step, is used to est imate the integral; based on the computed est imate density in the

corresponding interval of the pdf is modi� ed.

Veach and Guibas presented a new perspect ive on import ancesampling [112], with a

conservat ivestr ategy that avoided insu� cient sampling of regionswhere theintegrand
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was large. They decomposed the integrand into funct ions, ident i� ed regions in the

domain whereany of thesefunct ionswas largeand ensured heavy sampling of thesere-

gions. Although regionswhere the integrand is low could potent ially beover-sampled,

they demonstr ated the e� ect ivenessof their t echnique using compelli ng experimental

evidence. They called their t echnique Multiple Importance Sampling (MIS).

MIS could be viewed as an extension to str at i� ed sampling where the str ata are not

str ict ly part it ions of the sampling domain. That is, there could be overlap between

str ata. In such a situat ion, samples drawn from di� erent str ata may correspond to

thesameregion of thesampling domain and, thus, need to be combined appropriately

to avoid bias. To addressthis problem, the est imate| which is obtained as a weighted

average of the results of a host of di� erent est imators| is chosen to be produced by

an est imator t hat outperforms the others.

1996-2000

Shirley et al. furt her str essed the e� ect iveness of import ance sampling as a variance

reduct ion str ategy in a paper [95] where they derived densit ies for est imat ing direct

ill uminat ion. They derived the densit ies to sample the solid angle subtended by

ill uminaires of a few common shapes, making the calculat ion of direct ill uminat ion

from several sources more e� cient . Their import ance funct ion did not account for

the BRDF or visibili ty.

La Fort une et al. invented a class of primit ive funct ions [62] with non-linear pa-

rameters for represent ing re
 ectance funct ions. They approximated the re
 ectance

distr ibut ions by sets of cosine lobes which made them simple, 
 exible and easy to use

in a Monte Carlo algorithm for sample generat ion. The class was powerful enough

to represent a wide variety of materials. This work was a signi� cant contr ibut ion in

the context of import ancesampling because sampling re
 ectancedistr ibut ions, which
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poses a signi� cant hurdle for realist ic materials, was simply reduced to appropriately

sampling cosine lobes. Another similar method that uni� ed de�n it ions for a good

visual approximat ion for many materials was presented by Neuman et al. [74]. Their

model allowed fast import ancesampling of physically plausible re
 ectance funct ions.

Sincethe not ions of probabili ty density and varianceare not applicable in the context

of determinist ic quasi Monte Carlo (QMC), the extension of import ance sampling

is not str aight forward to a QMC sett ing. Szirmay-Kalos et al. presented a QMC

algorithm with import ance sampling [106], by using variable tr ansformat ion. The

tr ansformat ion was designed so that its Jacobian matr ix was inversely proport ional to

the integrand, thus result ing in a constant tr ansformed integrand (which corresponds

to minimum quadrature error). They derived this tr ansformat ion was derived by � rst

propagat ing direct ill umint ion using a photon tr acing procedure.

Pietr ek and Peter presented a method to adapt ively constr uct pdfs for sampling

indirect ill uminat ion [79]. This work was an extension to the work by Dutr �e et al.

and was similar, in concept , to Szirmay-Kalos et al.' s method. Pietr ek and Peter buil t

a hierarchical set of density funct ions that weresuccessively re�n ed as the est imate for

indirect ill uminat ion was est imated to more precision. By considering di� use surfaces

and tesselat ing thesurfaces into largepatches, they reduced the6 dimensional density

down to two dimensions per patch. They demonstr ated using experiments with two

representat ions for t he density funct ions| Haar and linear B-spline bases| that

there was no advantage of using higher order basis funct ions over piecewise constant

Haar bases. They concluded that , while the use of B-spline bases avoided cert ain

art ifacts in speci� cally constr ucted examples, Haar wavelet bases performed bett er

for larger scenes without visible art ifacts.

Bekaert et al. intr oduced the not ion of weighted importance sampling (WIS) t o the

image synthesis community, and used it t o est imate form factors between patches
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while account ing for part ial occlusion. In WIS, samples are drawn from an \ easy-to-

sample" source funct ion and are used in a way that suggests that t hey were drawn

from a di� erent , more e� ect ive, target import ance funct ion. For unbiased est imates,

mult iplicat ion is required by weights given as the rat io of the target and source func-

t ions evaluated at t he sample locat ions. In their paper, Bekaert et al. used uniform

area sampling of patches in a radiosity solut ion as the source import ance funct ion

and mimicked a target import ance funct ion corresponding to cosine distr ibuted di-

rect ional sampling. Their experimental results indicate a reduced variance, although

they report ed a bias when only a small number of samples were drawn.

2001-2008

Agarwal et al. de�n ed an import ance metr ic [3] for sampling direct , distant ill umi-

nat ion by conservat ively account ing for visibili ty and ill uminat ion. While sampling

direct ill uminat ion, giving import ance purely to the magnitude of solid angle sub-

tended undersamples small bright lights. On theother hand, considering ill uminat ion

without account ing for t he solid angle subtended oversamples small bright sources.

In an att empt t o str ike a balance, Agarwal et al. proposed the use of an import ance

funct ion that considered a carefully chosen combinat ion of both, ill uminat ion energy

and solid area subtended. The precise blend was based on an empirical analysis of

visibili ty maps.

The environment map was � rst str at i� ed based on thresholding funct ions applied to

the radiancevalues associated with each pixel. Then, sample allocat ion within str ata

was based on the import ance metr ic, and the pixels of each str atum were clustered

according to the allocat ion. During rendering, a random locat ion was chosen within

each cluster and used to compute the est imate for direct ill uminat ion. Their paper

also describes a few opt imizat ions: (1) approximat ing the environment map with a
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number of direct ional sources in a preprocess step; (2) eliminat ing banding art ifacts

in (1) by using jitt ered sampling for visibili ty test ing; (3) sort ing light sources based

on their contr ibut ion and only considering the � rst few in the list so that t he error in

the est imate is below a cert ain threshold.

Lawrence et al. presented a BRDF factorizat ion technique [64] that allowed e� cient

import ance sampling of bidirect ional re
 ectance funct ions (BRDFs) while simulata-

neously maintaining compact r epresentat ion. They demonstr ated, using analyt ic and

measured BRDFs, that t heir t echnique was more e� cient t han � tt ing Lafort une or

Blinn-Phong lobes and also more compact t han tabulat ing the re
 ectance funct ions.

They represented the 4D, reparameterized BRDFs as the sum of a number of terms,

each of which was theproduct of a view-dependent 2D funct ion and two 1D funct ions.

Import ance sampling was achieved by numerical inversion of the 1D factors.

Ostr omoukhov et al. presented a robust and pract ical algorithm [77] for generat ing

samples according to a 2D density funct ion. While the method is e� ect ive in generat-

ing samples that sat isfy desirable blue noise propert ies and with aspeci� ed sampling

density within a local neighborhood, it is unclear how the weights associated with

these samples are to be normalized when used in the context of Monte Carlo integra-

t ion. The paper demonstr ates the use of this sampling algorithm to est imate direct

ill uminat ion from environment maps.

The use of contr ol variates as a variance reduct ion str ategy has not been explored in

depth by the image synthesis community. Sz�ecsi et al. discussed the e� ect iveness of

using contr ol variates (also called correlated sampling) [104] for sampling in Monte

Carlo integrat ion in their paper which also presented a scheme to combine thebene� ts

of import ancesampling and correlated sampling. Their approach was to intr oduce a

parameter which governed the weightage of est imates result ing from each sampling

str ategy and then opt imize the result ing est imate for minimum variance.
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Typically import ancesampling had been used for drawing samplesdistr ibuted accord-

ing to the local re
 ectancedistr ibut ion, or ill uminat ion (both distant and nearby ill u-

minaires) independent ly. Clarberg et al. [23] generalized wavelet products to higher

dimensions and applied it t o sample from a product of the local re
 ectance funct ion

and distant ill uminat ion. The algorithm exploits the property of wavelet products

that t hey can be evaluated top down. The paper t hen warped a set of uniformly

distr ibuted points to match the approximated product distr ibut ion. However, the

constr aint t hat all BRDFs in the scene be resampled as wavelets, makes it imprac-

t ical in scenes with a large number of BRDFs. Also, the choice of wavelets as bases

inherent ly restr icts rotat ion into local coordinate frames (in which BRDFs are con-

venient ly represented). To work around this problem, wavelet decomposit ion of the

environment map was stored for di� erent orientat ions. Cline et al. presented [25] a

similar approach, except t hat t hey use hierarchical part it ioning of the environment

map �a la McCool and Harwood [67] in conjunct ion with summed area tables instead

of wavelets.

Another work that sampled from both ill uminat ion and re
 ectance funct ion was in-

vented in the same year by Burke et al. [19] who performed the sampling in two

stages: samples were drawn from the � rst distr ibut ion and then resampled according

to the second distr ibut ion. They intr oduced the terminology sampling-importance

resampling to represent a process that is quite similar t o WIS. Two forms of bidi-

rectional importance sampling (BIS) were presented: one using reject ion and another

using resampling. While reject ion leads to increased sampling expense, resampling

only allows samples to be drawn from an approximate distr ibut ion.
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1.7 Or iginal cont r ibu t ions

The original contr ibut ions of this thesis are described chapterwise, below.

� L inear st rat i � ed sampli ng (Chapt er 2) :

We derive parameterizat ions whose Jacobian determinants are proport ional to

a linear density. Then we use this to generate linear str at i� ed samples over

tr iangular and tetr ahedral domains, where the linear densit ies are speci� ed by

vert ex weights.

� St eerable impor t ance sampli ng (Chapt er 3) :

We de�n e a new technique that uses a steerable funct ion as an import ance

funct ion.

Paramet er ized p robabili t y t ree: We de�n e a data str ucture, called the pa-

rameterized probabili ty tr ee, where the tr aversal is probabili st ic with branching

probabili t ies de�n ed as a funct ion of some parameter.

E� cient direct ill uminat ion: We constr uct a low variance est imator for di-

rect ill uminat ion from distant ill uminat ion by de�n ing a piecewise linear, steer-

able import ance funct ion which is the product of incident ill uminat ion and the

local clamped cosine lobe. The reduct ion in variance is due to a combinat ion

of the import ance funct ion and str at i� cat ion that is achieved using the param-

eterized probabili ty tr eeand linear str at i� cat ion algorithm.

� A dapt ive, bandwidt h-based sampli ng(Chapt er 4) :

We use conservat ive est imates of local bandwidth for e� cient simulat ion of

depth of � eld e� ects.

Four ier dept h of � eld: We present a novel analysis of �n ite apert ure camera

models in the Fourier domain.
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A dapt ive image subsampli ng: Using the theoret ical analysis of depth of

� eld we design a new frequency propagat ion scheme that allows conservat ive

predict ion of bandwidth, locally over t he image. We show that t hese bandwidth

est imates are used to obtain sampling densit ies that are close to opt imal for

non-object ionable reconstr uct ion of the images.

A dapt ive aper t ure sample all ocat ion: We use the bandwidth predict ion

algorithm to est imate the varianceof the integrand over t he apert ure, in depth

of � eld simulat ions. Since the error in Monte Carlo is proport ional to the

variance of the integrand and inversely dependant on the number of samples,

we increase the number of samples where the variance is est imated to be high.

� A ssessing M ont e Car lo est imat ors (Chapt er 5) :

Weusean adaptat ion of thestat ist ical hypothesis test ing framework to compare

� rst and second order stat ist ics of est imators.

Compar ing est imat ors: We design tests to compare means and variances of

est imators. These tests allow the assert ion of hypotheses regarding bias and

e� ciency of est imators, upto a chosen level of signi� cance. We con� rm the

dependabili ty of the tests by comparing est imators with known quali t ies.

Ver ifying sample dist r ibu t ions: By adapt ing a goodness-of-� t t est , weverify

the correctness of analyt ic sampling algorithms by comparing them against

samples generated using reject ion.

D et ect ing err ors in est imat ors: We intr oduce errors into common est ima-

tors and demonstr ate the abili ty to use the framework for error detect ion.
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